In this work we deal with non-topological solutions of the Q-ball type in two space-time dimensions, in models described by a single complex scalar field that engenders global symmetry. The main novelty is the presence of stable Q-balls solutions that live in a compact interval of the real line and appear from a family of models controlled by two distinct parameters. We find analytical solutions and study their charge and energy, and show how to control the parameters to make the Q-balls classically and quantum mechanically stable.
I. INTRODUCTION
This work deals with Q-balls, which are defect structures of the non-topological type. As one knows, defect structures can be of topological or non-topological nature. The topological structures are stable because one can associate conserved topological currents to them, and they are conserved due to the topological properties of the solutions [1] . However, the non-topological structures [2, 3] do not have associated topological currents, so they are unstable, although they can be stabilized in a diversity of cases, in particular as Q-balls [4, 5] .
The case of Q-balls is of current interest, and in the simplest situation one can deal with a single complex scalar field. Some key properties of Q-balls have been largely studied in the literature 25] . In general, Qballs appear related to the existence of global U(1) symmetries, in the Standard Model the presence of global U(1) symmetries can be related to fermionic (baryonic, leptonic) charges, and in extended supersymmetric models the scalar superpartners of baryons and leptons can condensate and give rise to Q-balls. In this sense, Q-balls are of current interest to both baryogenesis and leptogenesis. Possibilities of formation of Q-balls, during a phase transition in the early universe, have been studied as a part of solitogenesis [5] , and can contribute to dark matter, in the present era of the universe [26] . Q-balls experimental detection has been proposed in this context, having a parameter region different from that for gravitino dark matter in IceCube [27] . As it is known, one can suggest that the particle asymmetry of the universe appears as in the Affleck-Dine mechanism [32] , as a feature of the flat direction condensate which gives rise to Q-balls [12, 15] .
In a recent work [25] , some of us studied Q-balls in models that allow the presence of analytic solutions, investigating features such as shape, energy, charge, stability and splitting of the solutions. In the current work we go further on the subject and we modify the potential, to obtain a new kind of Q-balls, of the compact type.
As one knows, defect structures having compact support were first studied in [28] , in the context of integrable models, but the motivation for the current work comes from the recent works on defect structures of the compact type [29, 30] . In particular, in Ref. [30] the presence of compact lumps was investigated, and this motivated us to go further to construct compact Q-balls. We recall that compact Q-balls appeared before in [31] , with the scalar potential being of the signum-Gordon type, having a V-shaped form. The approach here is different, and we introduce a new family of models, with the potential controlled by two distinct parameters, as we explain in Sec. III.
The investigation starts in Sec. II, where we describe a simple model and review some basic facts about Q-balls. We continue the study in Sec. III, where we investigate a new family of models, described by a potential which is controlled by two distinct parameters. There, we show that the new models support analytical solutions of the compact type, which we use to describe the charge and energy, and to study stability. Since the compact structure does not have a tail, it seems to behave as hard charged ball, well different from the standard Q-balls. We summarize the results and add some comments to end the work in Sec. IV.
II. GENERALITIES
In order to investigate Q-balls, we consider the Lagrange density
where ϕ is a complex scalar field and V (|ϕ|) is the potential. We are working in (1, D) spacetime dimensions, so the equation of motion for ϕ has the form
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To search for Q-balls we take the usual ansatz
The conserved Noether charge is
The equation of motion becomes
As usual, we consider the boundary conditions
The above equation of motion (5) can be seen in the form
with U = U (σ) being a kind of effective potential for the field σ. It has the form
As one knows, in order to have solutions obeying the boundary conditions (6), ω must be in the interval
with ω + = V (0) and ω − = 2V (σ 0 )/σ 2 0 , where σ 0 is the minimum of V (σ)/σ 2 . We call ω + the upper bound and ω − the lower bound for the frequency. The energymomentum tensor for this model is
The energy density can be calculated from the T 00 component of Eq. (10) with the Lagrange density given by Eq. (1). It is given by, changing T 00 → ,
which represents the kinetic, gradient and potential energy densities, respectively. They are given by
By using the ansatz (3), the energy density becomes
When integrated, it gives the total energy of the Q-ball.
We can see that the kinetic energy can be written in terms of the conserved charge as
The other components of the energy-momentum tensor (10) are
With the ansatz (3), they become
Since the energy-momentum tensor is conserved, i.e., ∂ µ T µν = 0, we see that T 11 is constant. In particular, if the solution satisfies the condition T 11 = 0, the energy densities (as well as the energies), are related by
and we only have to know the kinetic and gradient portions to find the total energy density. This allows us to write the total energy as
We now turn our attention to the stability of the Qballs and consider the following two types of stabilities [23] :
(a) The first case is the quantum mechanical stability, that is the stability with respect to decay into free particles. As it was stated in Eq. (9), Q-ball solutions exist for ω in a specific range of values. The Q-ball is stable if the ratio between the energy and the charge satisfies E/Q < ω + .
(b) The second type of stability is known as the classical stability, which is the one that concerns small perturbations of the field. The Q-ball is classically stable if dQ/dω < 0. This means that the charge Q is monotonically decreasing with ω. As non-trivial configurations in scalar field theory having unbroken global symmetry, Q-balls, satisfying this constraint, are thus solutions to the equation of motion for Noether charge Q, being hence spatially localized, stable, solitons.
There is another type of stability, against fission, which requires d 2 E/dQ 2 < 0. However, as we know that ∂E/∂Q = ω, it is straightforward to show that classically stable Q-balls are also stable against fission.
It is worth to mention that, irrespectively of the type of stability, Q-balls are hence stable soliton solutions, rotating in an internal symmetry space, differently of static soliton solutions, as vortices, monopoles, kinks and skyrmions, among other solutions [24] . Let us now study Q-balls in (1, 1) spacetime dimensions, searching for analytical solutions. We consider the model We take the usual ansatz , and this leads us to the effective potential
This model was studied in [6] and the solution can be written as [6, 25] σ
where
The expression in Eq. (25) is an exact solution of the equation of motion (5) , that obeys the boundary conditions (6) for several values of ω. For a ≥ 2/9, ω is bounded according to (9) , with ω − = 1 − 2/(9a) and ω + = 1. We note that b controls the shape of the solution, which is bell-shaped. It is possible to use the exact solution (25) to calculate the charge from Eq. (4). We get
In the recent investigation [25] it was shown that the solution (25) is stable for a > 0.2253973, and in Fig. 1 we depict the solution (25) for some values of a and ω.
The profile of the solutions shows the standard situation, with the field vanishing asymptotically, exponentially. The behavior shown in Fig. 1 should be contrasted with the behavior of the new compact Q-balls which we study in the next Section. The study is motivated by the recent work [30] , which shows that it is possible to construct non-topological solutions that lives in a compact space. With this on mind, in the next Section we investigate models that admit the existence of compact Q-balls. 
III. COMPACT Q-BALLS
To investigate compact Q-balls we get motivation from the work [30] and consider the following family of models in (1, 1) dimensions
where s is a real parameter restricted to obey s > 2. In this case, we use the standard route and write effective potential (8) in the form
From the above expression, we see that the effective potential only has a global minimum if ω 2 < 1, and we depict it for some values of a, s and ω in Fig. 2 .
As we can see, the non vanishing zero of U (σ) is given byσ Also, the equation of motion for σ(x) has the form
This is the equation we should solve, and it now depends upon a, s, and ω. The condition (9) is still valid, and gives ω − = 1 − 2/(9a) and ω + = ∞ in this case. Again, we take a ≥ 2/9 to assure that ω is real. Then, the solutions of (31) are valid for any ω > ω − .
A. Analytical solutions
We consider the case ω − < ω < 1. The equation (31) is solved by
where x 0 = 2sb/ √ 1 − ω 2 is the width of the solution at half height, and b is a constant, given by
The next case is for ω = 1. Here we get the solution
where x 0 now changes to x 0 = 3s a/2.
FIG. 4:
The total energy density, depicted with a solid line for a = 4/9, s = 3, and ω = 0.9. We also show the kinetic, gradient and potential energy densities, depicted with dashed, dot-dashed and dotted lines, respectively.
FIG. 5:
The total energy density depicted for a = 4/9, s = 3, and ω = 0.9, 1 and 1.1, with the thickness of the lines increasing with increasing ω. We note that both the amplitude and width of the total energy density decrease, as we increase ω.
The last case is for ω > 1, and now the equation (31) is solved by
We depict these solutions (32), (34) and (35) in Fig. 3 for some values of ω. The figure shows that the amplitude becomes smaller as we increase ω and more importantly, that they all vanish, outside a compact interval of the real line. One should compare this behavior with the behavior that appears in Fig. 1 for the standard Q-balls, which shows that the solutions vanish asymptotically. Thus, differently from the standard Q-balls, these new compact Q-balls do not have a tail, so they seem to behave as hard charged balls.
B. Charge and energy
Due to the importance of the above new results on Qballs, we further investigate their main characteristics. In particular, we have calculated the charge for a general s. It is given by
where Γ(z) is Gamma Function and 2 F 1 (a, b; c; z) is the Hypergeometric Function. Specifically, for a = 2/9 we have ω − = 0, and this makes Q → 0 if ω → ω − = 0. For a > 2/9 we have Q → ∞ if ω → ω − . Moreover, the expression for the energy density is cumbersome, so we omit it here. However, we depict in Figs. 4 and 5 the energy densities for several values of a, s and ω.
As shown before, the kinetic energy is given in terms of the charge (37) as in Eq. (16) . The gradient energy is given by
We now focus on the stability of the Q-balls. We follow the lines of [25] to see that the model is quantum mechanically stable, because ω + is infinity and then the relation E/Q < ω + = ∞ is satisfied for a ≥ 2/9. To study classical stability, we have to show that the charge Q is a monotonically decreasing function of ω. To see this, we start with a = a 0 ≡ 2/9 = 0.22222222. At this value, the charge is not monotonically decreasing. We then increase a up to a = a 1 ≡ 0.22248865, the value where the charge starts to become monotonically decreasing with ω, so that the Q-balls become classically stable for a > a 1 . We have noted that for 2/9 < a < a 1 the charge Q is not a single valued function of ω, but for a > a 1 it decreases monotonically. We illustrate this in Fig. 6 , where we depict the charge as a function of ω for a = a 1 , with the two insets showing how it varies for a = 2/9, and for a = 4/9.
We then conclude that the compact Q-balls solutions that we found above are stable quantum mechanically for a ≥ 2/9 = 0.22222222, and that they are classically stable for a greater than a 1 = 0.22248865.
IV. ENDING COMMENTS
In this work we investigated the construction of compact Q-balls in models described by a single scalar field in (1, 1) spacetime dimensions. We started briefly reviewing the case of standard Q-balls, following the lines of [25] . Inspired by results obtained before in [30] , where one describes the presence of compact lumps, we then constructed a model, defined in Eq. (28) , which can be used to describe Q-ball solutions of the compact type, with the solution being non trivial only in a compact interval of the real line.
We used the analytical solutions to describe the charge and energy of the compact Q-balls, which we further explored to study stability. The results show how to control the parameters a and s to construct compact Q-balls that are stable, classically and quantum mechanically. In this context, the compact Q-balls seem to appear as hard charged balls, so they may have different collective behavior. Also, they may act differently, if they live in a space in the presence of compact extra dimensions.
We believe that the results of the work are of current interest, so we shall further explore similar issues in another work, paying closer attention to the case of the gauged version of the model here investigated, and also, in higher spatial dimensions. There are several possible directions of investigations, some of them may follow as in the recent works [38] [39] [40] . In particular, the role played by gauged compact Q-balls, although beyond the present scope, shall be estimated upon different baryon and lepton charges [40] . In addition, as solutions of the supersymmetric extension Standard Model, Q-balls were studied, and their compact gravitating counterparts should also be studied [41] .
